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Abstract
Graded quasi-commutative skew PBW extensions are isomorphic to graded iterated Ore
extensions of endomorphism type, whence graded quasi-commutative skew PBW extensions
with coefficients in AS-regular algebras are skew Calabi-Yau and the Nakayama automor-
phism exists for these extensions. With this in mind, in this paper we give a description
of Nakayama automorphism for these non-commutative algebras using the Nakayama au-
tomorphism of the ring of the coefficients.
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1 Introduction
Skew PBW extensions and quasi-commutative skew PBW extensions were defined in [7]. In
[26] and [1], respectively, the automorphisms and derivations of skew PBW extensions were
studied. Another properties of skew PBW extensions have been studied (see for example [1],
[4], [9], [10], [12], [13], [14], [15], [16], [17], [18], [19], [21], [22], [23], [24] and [25]). It is known
that quasi-commutative skew PBW extensions are isomorphic to iterated Ore extensions of
endomorphism type ([10], Theorem 2.3). For K a field, in [21], the first author defined graded
skew PBW extensions and showed that if R is a finite presented Koszul K-algebra, then every
graded skew PBW extension of R is Koszul (note that every graded iterated Ore extension
of an Artin-Schelter Regular algebra, AS-regular for short, is AS-regular, see [11]). Since
every graded quasi-commutative skew PBW extension is isomorphic to a graded iterated Ore
extension of endomorphism type (see Proposition 2.11), we have that if A is a graded quasi-
commutative skew PBW extension of an AS-regular algebra R, then A is AS-regular (see
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Proposition 3.1). Now, for B a connected algebra, B is AS-regular if and only if B is skew
Calabi-Yau (see [20]), and hence the Nakayama automorphism of AS-regular algebras exists.
Therefore, if R is an AS-regular algebra with Nakayama automorphism ν, then the Nakayama
automorphism µ of a graded quasi-commutative skew PBW extension A exists, and we compute
it using the Nakayama automorphism ν together some especial automorphisms of R and A (see
Theorem 4.11). Note that a skew Calabi-Yau algebra is Calabi-Yau if and only if its Nakayama
automorphism is inner.
2 Graded skew PBW extensions
Definition 2.1 ([7], Definition 1). Let R and A be rings. We say that A is a skew PBW
extension over R, if the following conditions hold:
(i) R ⊆ A;
(ii) there exist elements x1, . . . , xn ∈ A such that A is a left free R-module, with basis the
basic elements Mon(A) := {xα = xα11 · · · x
αn
n | α = (α1, . . . , αn) ∈ N
n}. In this case, it is
said also that A is a left polynomial ring over R with respect to {x1, · · · , xn} and Mon(A)
is the set of standard monomials of A. Moreover, x01 · · · x
0
n := 1 ∈ Mon(A).
(iii) For each 1 ≤ i ≤ n and any r ∈ R \ {0}, there exists an element ci,r ∈ R \ {0} such that
xir − ci,rxi ∈ R.
(iv) For any natural elements 1 ≤ i, j ≤ n, there exists ci,j ∈ R \ {0} such that
xjxi − ci,jxixj ∈ R+Rx1 + · · ·+Rxn. (2.1)
Under these conditions, we will write A := σ(R)〈x1, . . . , xn〉.
Remark 2.2. Let A = σ(R)〈x1, . . . , xn〉 be a skew PBW extension with endomorphisms σi,
1 ≤ i ≤ n, as in the Proposition 2.3. We establish the following notation (see [7], Definition
6): α := (α1, . . . , αn) ∈ N
n; σα := (σα11 · · · σ
αn
n ); |α| := α1 + · · ·+ αn; if β := (β1, . . . , βn) ∈ N
n,
then α+β := (α1+β1, . . . , αn+βn); for X = x
α = xα11 · · · x
αn
n , exp(X):= α and deg(X):= |α|.
We have the following properties whose proofs can be found in [7], Remark 2 and Theorem 7.
(i) Since Mon(A) is a left R-basis of A, the elements ci,r and ci,j in Definition 2.1 are unique.
In Definition 2.1 (iv), ci,i = 1. This follows from x
2
i − ci,ix
2
i = s0+ s1x1+ · · ·+ snxn, with
sj ∈ R, which implies 1− ci,i = 0 = sj, for 0 ≤ j ≤ n.
(ii) Each element f ∈ A \ {0} has a unique representation as f = c1X1 + · · · + ctXt, with
ci ∈ R \ {0} and Xi ∈ Mon(A), for 1 ≤ i ≤ t.
(iii) For every xα ∈ Mon(A) and every 0 6= r ∈ R, there exist unique elements rα := σ
α(r) ∈
R \ {0} and pα,r ∈ A such that x
αr = rαx
α + pα,r, where pα,r = 0 or deg(pα,r) < |α|, if
pα,r 6= 0.
(iv) For every xα, xβ ∈ Mon(A) there exist unique elements cα,β ∈ R and pα,β ∈ A such that
xαxβ = cα,βx
α+β + pα,β where cα,β is left invertible, pα,β = 0 or deg(pα,β) < |α + β|, if
pα,β 6= 0.
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Proposition 2.3 ([7], Proposition 3). Let A be a skew PBW extension of R. For each 1 ≤
i ≤ n, there exist an injective endomorphism σi : R → R and a σi-derivation δi : R → R such
that xir = σi(r)xi + δi(r), r ∈ R.
The notation σ(R)〈x1, . . . , xn〉 and the name of the skew PBW extensions are due to the
Proposition 2.3. In the following definition we recall some sub-classes of skew PBW extensions.
Examples of these sub-classes of algebras can be found in [25].
Definition 2.4. Let A be a skew PBW extension ofR, Σ := {σ1, . . . , σn} and ∆ := {δ1, . . . , δn},
where σi and δi (1 ≤ i ≤ n) are as in Proposition 2.3
(a) A is called pre-commutative, if the conditions (iv) in Definition 2.1 are replaced by:
For any 1 ≤ i, j ≤ n, there exists ci,j ∈ R \ {0} such that xjxi−ci,jxixj ∈ Rx1+· · ·+Rxn.
(b) A is called quasi-commutative, if the conditions (iii) and (iv) in Definition 2.1 are replaced
by
(iii’) for each 1 ≤ i ≤ n and all r ∈ R \ {0}, there exists ci,r ∈ R \ {0} such that
xir = ci,rxi; (2.2)
(iv’) for any 1 ≤ i, j ≤ n, there exists ci,j ∈ R \ {0} such that
xjxi = ci,jxixj . (2.3)
(c) A is called bijective, if σi is bijective for each σi ∈ Σ, and ci,j is invertible for any
1 ≤ i < j ≤ n.
(d) If σi = idR, for every σi ∈ Σ, we say that A is a skew PBW extension of derivation type.
(e) If δi = 0, for every δi ∈ ∆, we say that A is a skew PBW extension of endomorphism
type.
(f) Any element r of R such that σi(r) = r and δi(r) = 0 for all 1 ≤ i ≤ n, will be called a
constant. A is called constant if every element of R is constant.
(g) A is called semi-commutative if A is quasi-commutative and constant.
As we said in the Introduction, the letter K denotes a field, and if it is not said otherwise,
every algebra is a K-algebra. The symbol N will be used to denote the set of natural numbers
including zero.
The next proposition was proved by the first author in [21].
Proposition 2.5. Let R =
⊕
m≥0Rm be a N-graded algebra and let A = σ(R)〈x1, . . . , xn〉 be
a bijective skew PBW extension of R satisfying the following two conditions:
(i) σi is a graded ring homomorphism and δi : R(−1) → R is a graded σi-derivation for all
1 ≤ i ≤ n, where σi and δi are as in Proposition 2.3.
(ii) xjxi − ci,jxixj ∈ R2 +R1x1 + · · · +R1xn, as in (2.1) and ci,j ∈ R0.
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For p ≥ 0, let Ap the K-space generated by the set
{
rtx
α | t+ |α| = p, rt ∈ Rt and x
α ∈Mon(A)
}
.
Then A is a N-graded algebra with graduation A =
⊕
p≥0Ap.
Proof. It is clear that 1 = x01 · · · x
0
n ∈ A0. Let f ∈ A \ {0}, then by Remark 2.2-(ii), f has a
unique representation as f = r1X1 + · · · + rsXs, with ri ∈ R \ {0} and Xi := x
αi1
1 · · · x
αin
n ∈
Mon(A) for 1 ≤ i ≤ s. Let ri = riq1 + · · ·+ riqm the unique representation of ri in homogeneous
elements of R. Then f = (r1q1 + · · ·+ r1qm )x
α11
1 · · · x
α1n
n + · · ·+(rsq1 + · · ·+ rsqu )x
αs1
1 · · · x
αsn
n =
r1q1x
α11
1 · · · x
α1n
n + · · ·+ r1qmx
α11
1 · · · x
α1n
n + · · ·+ rsq1x
αs1
1 · · · x
αsn
n + · · ·+ rsqux
αs1
1 · · · x
αsn
n is the
unique representation of f in homogeneous elements of A. Therefore A is a direct sum of the
family {Ap}p≥0 of subspaces of A.
Now, let x ∈ ApAq. Without loss of generality we can assume that x = (rtx
α)(rsx
β) with
rt ∈ Rt, rs ∈ Rs, x
α, xβ ∈ Mon(A), t+ |α| = p and s + |β| = q. By Remark 2.2-(iii), we have
that for rs and x
α there exist unique elements rsα := σ
α(rs) ∈ R \ {0} and pα,rs ∈ A such that
x = rt(rsαx
α+pα,rs)x
β = rtrsαx
αxβ+rtpα,rsx
β, where pα,rs = 0 or deg(pα,rs) < |α| if pα,rs 6= 0.
Now, by Remark 2.2-(iv), we have that for xα, xβ there exists unique elements cα,β ∈ R and
pα,β ∈ A such that x = rtrsα(cα,βx
α+β+pα,β)+rtpα,rsx
β = rtrsαcα,βx
α+β+rtrsαpα,β+rtpα,rsx
β,
where cα,β is left invertible, pα,β = 0 or deg(pα,β) < |α+ β| if pα,β 6= 0. We note that:
1. Since σi is graded for 1 ≤ i ≤ n, then σ
αi
i is graded and therefore σ
α is graded. Then
rsα := σ
α(rs) ∈ Rs and δ
αi
i (rs) ∈ Rs+αi , for 1 ≤ i ≤ n and αi ≥ 0.
2. If W [δνi σ
αi−ν
i ] represents the sum of the possible words that can be constructed with
the alphabet composed of ν times the symbol δi and αi − ν times the symbol σi, then
xαii rs =
∑αi
ν=0W [δ
ν
i σ
αi−ν
i ](rs)x
αi−ν
i ∈ As+αi , since each summand in the above expression
is in As+αi .
3. From condition (ii), we have that for 1 ≤ i < j ≤ n, xjxi = ci,jxixj + r0ij + r1ijx1+ · · ·+
rnijxn ∈ A2. Then, for 1 ≤ i < j < k ≤ n, we have that
xk(xjxi) = xk(ci,jxixj + r0ij + r1ijx1 + · · ·+ rnijxn)
= (σk(ci,j)xkxixj + δk(ci,j)xixj) + (σk(r0ij )xk + δk(r0ij ))
+(σk(r1ij )xkx1 + δk(r1ij )x1) + · · ·+ (σk(rnij )xkxn + δk(rnij )xn)
= σk(ci,j)[ci,kxixk + r0ik + r1ikx1 + · · ·+ rnikxn]xj + δk(ci,j)xixj + σk(r0ij )xk
+δk(r0ij ) + σk(r1ij )[c1,kx1xk + r01k + r11kx1 + · · ·+ rn1kxn]
+δk(r1ij )x1 + · · · + σk(rnij )xkxn + δk(rnij )xn
= σk(ci,j)ci,kxi[cj,kxjxk + r0jk + r1jkx1 + · · · + rnjkxn] + σk(ci,j)r0ikxj
+σk(ci,j)r1ikx1xj + · · · + σk(ci,j)rnikxnxj + δk(ci,j)xixj + σk(r0ij )xk
+δk(r0ij ) + σk(r1ij )[c1,kx1xk + r01k + r11kx1 + · · ·+ rn1kxn]
+δk(r1ij )x1 + · · · + σk(rnij )xkxn + δk(rnij )xn
= σk(ci,j)ci,kσi(cj,k)xixjxk + σk(ci,j)ci,kδi(cj,k)xjxk + σk(ci,j)ci,kσ(cj,k)σi(r0ij )xi
+σk(ci,j)ci,kδi(r0ij ) + σk(ci,j)ci,kσi(r1jk )xix1 + σk(ci,j)ci,kδi(r1jk)x1 + · · ·
+σk(ci,j)ci,kσi(rnjk)xixn + σk(ci,j)ci,kδi(rnjk)xn + σk(ci,j)r0ikxj
+σk(ci,j)r1ikx1xj + · · · + σk(ci,j)rnikxnxj + δk(ci,j)xixj + σk(r0ij )xk + δk(r0ij )
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+σk(r1ij )c1,kx1xk + σk(r1ij )r01k + σk(r1ij )r11kx1 + · · ·+ σk(r1ij )rn1kxn
+δk(r1ij )x1 + · · · + σk(rnij )xkxn + δk(rnij )xn
= σk(ci,j)ci,kσi(cj,k)xixjxk + σk(ci,j)ci,kδi(cj,k)xjxk + σk(ci,j)ci,kσ(cj,k)σi(r0ij )xi
+σk(ci,j)ci,kδi(r0ij ) + σk(ci,j)ci,kσi(r1jk )c1,ix1xi + σk(ci,j)ci,kσi(r1jk)r01i
+σk(ci,j)ci,kσi(r1jk )r11ix1 + · · ·+ σk(ci,j)ci,kσi(r1jk )rn1ixn
+σk(ci,j)ci,kδi(r1jk)x1 + · · ·+ σk(ci,j)ci,kσi(rnjk)xixn + σk(ci,j)ci,kδi(rnjk)xn
+σk(ci,j)r0ikxj + σk(ci,j)r1ikx1xj + · · · + σk(ci,j)rnikcj,nxjxn + σk(ci,j)rnikδn(xj)
+σk(ci,j)rnikr0jn + σk(ci,j)rnikr1jnx1 + · · ·+ σk(ci,j)rnikrnjnxn + δk(ci,j)xixj
+σk(r0ij )xk + δk(r0ij ) + σk(r1ij )c1,kx1xk + σk(r1ij )r01k + σk(r1ij )r11kx1 + · · ·
+σk(r1ij )rn1kxn + δk(r1ij )x1 + · · · + σk(rnij )xkxn + δk(rnij )xn.
Since all summands in the above sum have the form rx, where r is an homogeneous
element of R, x ∈ Mon(A) and rx ∈ A3, we have that xkxjxi ∈ A3. Following this
procedure we get in general that xi1xi2 · · · xim ∈ Am for 1 ≤ ik ≤ n, 1 ≤ k ≤ m, m ≥ 1.
4. In a similar way and following the proof of Theorem 7, in [7], we obtain that pα,rs ∈ A|α|+s
and pα,β ∈ A|α|+|β|. Then rtrsαcα,βx
α+β ∈ At+s+|α|+|β|, rtrsαpα,β ∈ At+s+|α|+|β| and
rtpα,rsx
β ∈ At+|α|+s+|β|, i.e., x ∈ Ap+q.
Definition 2.6 ([21], Definition 2.6). Let A = σ(R)〈x1, . . . , xn〉 be a bijective skew PBW
extension of a N-graded algebra R =
⊕
m≥0Rm. We say that A is a graded skew PBW
extension if A satisfies the conditions (i) and (ii) in Proposition 2.5.
Note that the family of graded iterated Ore extensions is strictly contained in the family of
graded skew PBW extensions (see [21], Remark 2.11).
Proposition 2.7. Quasi-commutative skew PBW extensions with the trivial graduation of R
are graded skew PBW extensions. If we assume that R has a different graduation to the trivial
graduation, then A is graded skew PBW extension if and only if σi is graded and ci,j ∈ R0, for
1 ≤ i, j ≤ n.
Proof. Let R = R0 and r ∈ R = R0. From (2.2) we have that xir = ci,rxi = σi(r)xi. So,
σi(r) = ci,r ∈ R = R0 and δi = 0, for 1 ≤ i ≤ n. Therefore σi is a graded ring homomorphism
and δi : R(−1) → R is a graded σi-derivation for all 1 ≤ i ≤ n. From (2.3) we have that
xjxi − ci,jxixj = 0 ∈ R2 + R1x1 + · · · + R1xn and ci,j ∈ R = R0. If R has a nontrivial
graduation, then the result is obtained from de relations (2.2), (2.3) and Definition 2.6.
Examples 2.8. We present some examples of graded quasi-commutative skew PBW exten-
sions.
1. The Sklyanin algebra is the algebra S = K〈x, y, z〉/〈ayx+bxy+cz2, axz+bzx+cy2, azy+
byz + cx2〉, where a, b, c ∈ K. If c 6= 0 then S is not a skew PBW extension. If c = 0 and
a, b 6= 0 then in S: yx = − b
a
xy; zx = −a
b
xz and zy = − b
a
yz, therefore S ∼= σ(K)〈x, y, z〉
is a skew PBW extension of K, and we call this algebra a particular Sklyanin algebra.
The particular Sklyanin algebra is graded quasi-commutative skew PBW extension of K.
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2. Let h ∈ K. The algebra of shift operators is defined by Sh := K[t][xh;σh], where
σh(p(t)) := p(t − h). Notice that xht = (t − h)xh and for p(t) ∈ K[t] we have xhp(t) =
p(t− ih)xih. Thus, Sh
∼= σ(K[t])〈xh〉 is a graded quasi-commutative skew PBW extension
of K[t], where K[t] is endowed with trivial graduation.
3. For a fixed q ∈ K − {0}, the algebra of linear partial q-dilation operators H, with poly-
nomial coefficients, is the free algebra K〈t1, . . . , tn,H
(q)
1 , . . . ,H
(q)
m 〉, n ≥ m, subject to the
relations:
tjti = titj, 1 ≤ i < j ≤ n;
H
(q)
i ti = qtiH
(q)
i , 1 ≤ i ≤ m;
H
(q)
j ti = tiH
(q)
j , i 6= j;
H
(q)
j H
(q)
i = H
(q)
i H
(q)
j , 1 ≤ i < j ≤ m.
The algebraH is a graded quasi-commutative skew PBW extension of K[t1, . . . , tn], where
K[t1, . . . , tn] is endowed with usual graduation.
4. The quantum polynomial ring On(λji) is the algebra generated by x1, . . . , xn subject
to the relations: xjxi = λjixixj, 1 ≤ i < j ≤ n, λji ∈ K \ {0}. Thus On(λji) ∼=
σ(K)〈x1, . . . , xn〉 ∼= σ(K[x1])〈x2, . . . , xn〉.
5. Let n ≥ 1 and q be a matrix (qij)n×n whit entries in a field K where qii = 1 y qijqji = 1 for
all 1 ≤ i, j ≤ n. Then multi-parameter quantum affine n-space Oq(K
n) is defined to be
K−algebra generated by x1, · · · , xn with the relations xjxi = qijxixj, for all 1 ≤ i, j ≤ n.
Examples of graded skew PBW extensions over commutative polynomial rings R which are
not quasi-commutative, and where R has the usual graduation, can be found in [21].
Remark 2.9 ([21], Remark 2.10). Let A = σ(R)〈x1, . . . , xn〉 be a graded skew PBW extension.
Then we have the following properties:
(i) A is a N-graded algebra and A0 = R0.
(ii) R is connected if and only if A is connected.
(iii) If R is finitely generated then A is finitely generated.
(iv) For (i), (ii) and (iii) above, we have that if R is a finitely graded algebra then A is a
finitely graded algebra.
(v) If R is locally finite, then A as K-algebra is a locally finite.
(vi) A as R-module is locally finite.
(vii) If A is quasi-commutative and R is concentrate in degree 0, then A0 = R.
(viii) If R is a homogeneous quadratic algebra then A is a homogeneous quadratic algebra.
(ix) If R is finitely presented then A is finitely presented.
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Proposition 2.10 ([10], Theorem 2.3). Let A be a quasi-commutative skew PBW extension
of a ring R.
(i) A is isomorphic to an iterated Ore extension of endomorphism type R[z1; θ1] · · · [zn; θn],
where θ1 = σ1; θj : R[z1; θ1] · · · [zj−1; θj−1]→ R[z1; θ1] · · · [zj−1; θj−1] is such that θj(zi) =
ci,jzi (ci,j ∈ R as in (2.1)), 1 ≤ i < j ≤ n and θi(r) = σi(r), for r ∈ R.
(ii) If A is bijective, then each θi in (i) is bijective.
The following proposition establishes the relation between graded skew PBW extensions
and graded iterated Ore extensions.
Proposition 2.11. Let A = σ(R)〈x1, . . . , xn〉 be a graded quasi-commutative skew PBW ex-
tension of R. Then A is isomorphic to a graded iterated Ore extension of endomorphism type.
Proof. By Proposition 2.10-(i) we have that A is isomorphic to an iterated Ore extension of
endomorphism type R[z1; θ1] · · · [zn; θn], where θ1 = σ1,
θj : R[z1; θ1] · · · [zj−1; θj−1]→ R[z1; θ1] · · · [zj−1; θj−1]
is such that θj(zi) = ci,jzi (ci,j ∈ R as in (2.1)), 1 ≤ i < j ≤ n and θi(r) = σi(r), for r ∈ R.
Since A is bijective then by Proposition 2.10-(ii) θi is bijective. Since A is graded then σi is
graded and ci,j ∈ R0. Moreover, since θi(r) = σi(r), then θi is a graded automorphism for each
i. Note that zi has graded 1 in A, for all i. Thus, A ∼= R[z1; θ1] · · · [zn; θn] is a graded iterated
Ore extension.
3 AS-Regular and Koszul algebras
Let B = K⊕B1 ⊕B2 ⊕ · · · be a finitely presented graded algebra over K. The algebra B will
be called AS-regular, if B has the following properties:
(i) B has finite global dimension d: every graded B−module has projective dimension ≤ d.
(ii) B has finite GK-dimension.
(iii) B is Gorenstein, meaning that ExtiB(K, B) = 0 if i 6= d, and Ext
d
B(K, B)
∼= K
Proposition 3.1 ([23], Theorem 17). Let A = σ(R)〈x1, . . . , xn〉 be a graded quasi-commutative
skew PBW extension. If R is AS-regular, then A is AS-regular.
Let B be a finitely graded algebra and let M , N be Z-graded B-modules. Then there is
a natural inclusion HomB(M,N) →֒ HomB(M,N). If M is an B-module finitely generated,
then HomB(M,N)
∼= HomB(M,N) and Ext
i
B(M,N)
∼= ExtiB(M,N). A graded algebra B is
quadratic if B = T (V )/〈R〉 where V is a finite dimensional K-vector space concentrated in
degree l, T (V ) is the tensor algebra on V , with the induced grading and 〈R〉 is the ideal gen-
erated by a subspace R ⊆ V ⊗ V . The dual of such a quadratic algebra is B! := T (V ∗)/〈R⊥〉,
where R⊥ = {λ ∈ V ∗ ⊗ V ∗ | λ(r) = 0 for all r ∈ R}. We identify (V ⊗ V )∗ with V ∗ ⊗ V ∗ by
defining (α⊗ β)(u⊗ v) := α(u)β(v) for α, β ∈ V ∗ and u, v ∈ V .
7
Let B = K
⊕
B1
⊕
B2
⊕
· · · be a locally finite graded algebra and E(B) =
⊕
s,pE
s,p(B) =⊕
s,pExt
s,p
B (K,K) the associated bigraded Yoneda algebra, where s is the cohomology degree
and −p is the internal degree inherited from the grading on B. Let Es(B) =
⊕
pE
s,p(B). B
is said to be Koszul if the following equivalent conditions hold:
(i) Exts,pB (K,K) = 0 for s 6= p;
(ii) B is one-generated and the algebra Ext∗B(K,K) is generated by Ext
1
B(K,K), i.e., E(B)
is generated in the first cohomological degree;
(iii) The module K admits a linear free resolution, i.e., a resolution by free B-modules
· · · → P2 → P1 → P0 → K→ 0,
such that Pi is generated in degree i.
(iv) Ext∗(K,K) ∼= B! as graded K-algebras.
The following theorem was proved by the first author in [21].
Theorem 3.2. Let A = σ(R)〈x1, . . . , xn〉 be a graded skew PBW extension.
(i) The graded iterated Ore extension A := R[x1;σ1, δ1] · · · [xn;σn, δn] is Koszul if and only
if R is Koszul ([21], Proposition 3.1).
(ii) If A is quasi-commutative, then R is Koszul if and only if A is Koszul ([21], Proposition
3.3).
(iii) Let R be a finitely presented algebra. If R is a PBW algebra then A is Koszul algebra
([21], Corollary 4.4).
(iv) If R is a finitely presented Koszul algebra, then A is Koszul ([21], Theorem 5.5).
4 Skew Calabi-Yau algebras and Nakayama automorphism
The enveloping algebra of a ring B is defined as Be := B⊗Bop. We characterize the enveloping
algebra of a skew PBW extension in [16]. If M is an B-bimodule, then M is an Be module
with the action given by (a ⊗ b) ·m = amb, for all m ∈ M , a, b ∈ B. Given automorphisms
ν, τ ∈ Aut(B), we can define the twisted Be-module νM τ with the rule (a⊗b) ·m = ν(a)mτ(b),
for all m ∈ M , a, b ∈ B. When one or the other of ν, τ is the identity map, we shall simply
omit it, writing for example Mν for 1Mν .
Proposition 4.1 ([6], Lemma 2.1). Let ν, σ and φ be automorphisms of B. Then
(i) The map νBσ → φνBφσ, a 7→ φ(a) is an isomorphism of Be-modules. In particular,
νBσ ∼= Bν
−1σ ∼= σ
−1νB and Bσ ∼= σ
−1
B.
(ii) B ∼= Bσ as Be-modules if and only if σ is an inner automorphism.
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An algebra B is said to be homologically smooth, if as an Be-module, B has a finitely
generated projective resolution of finite length. The length of this resolution is known as the
Hochschild dimension of B.
Definition 4.2. A graded algebra B is said to be skew Calabi-Yau of dimension d if
(i) B is homologically smooth.
(ii) There exists an algebra automorphism ν of B such that
ExtiBe(B,B
e) ∼=
{
0, i 6= d;
Bν(l), i = d.
as Be -modules, for some integer l. If ν is the identity, then B is said to be Calabi-Yau.
Sometimes condition (ii) is called the skew Calabi-Yau condition.
The skew Calabi-Yau condition appears to have first been explicitly defined in [3] under
the term rigid Gorenstein. The automorphism ν is called the Nakayama automorphism of B,
and is unique up to inner automorphisms of B. As a consequence of Proposition 4.1, we have
that a skew Calabi-Yau algebra is Calabi-Yau if and only if its Nakayama automorphism is
inner. If B is a Calabi-Yau algebra of dimension d, then the Hochschild dimension of B (that
is, the projective dimension of A as an A-bimodule) is d (see [2], Proposition 2.2). Moreover,
the Hochschild dimension of B coincides with the global dimension of B (see [2], Remark 2.8).
Proposition 4.3. Let B be a skew Calabi-Yau algebra with Nakayama automorphism ν. Then
ν is unique up to an inner automorphism, i.e, the Nakayama automorphism is determined up
to multiplication by an inner automorphism of B.
Proof. Let B be a skew Calabi-Yau algebra with Nakayama automorphism ν and let µ another
Nakayama automorphism, i.e., ExtdBe(B,B
e) ∼= Bµ, then ExtdBe(B,B
e) ∼= Bν ∼= Bµ as Be
-modules. By Proposition 4.1-(i), B ∼= Bν
−1µ; by Proposition 4.1-(ii), ν−1µ is an inner auto-
morphism of B. Let ν−1µ = σ where σ is an inner automorphism of B, so µ = νσ for some
inner automorphism σ of B.
Proposition 4.4 ([20], Lemma 1.2). Let B be a connected graded algebra. Then B is skew
Calabi-Yau if and only if it is AS-regular.
Proposition 4.5. Let R be a Koszul Artin-Schelter regular algebra of global dimension d with
Nakayama automorphism ν.
(i) ([8], Theorem 3.3) The skew polynomial algebra B = R[x; ν] is a Calabi-Yau algebra of
dimension d+ 1.
(ii) ([28], Remark 3.13) There exists a unique skew polynomial extension B such that B is
Calabi-Yau.
(iii) ([28], Theorem 3.16) If σ is a graded algebra automorphism of R, then B = R[x;σ] is
Calabi-Yau if and only if σ = ν.
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The following theorem can also be found in [23].
Theorem 4.6. Every graded quasi-commutative skew PBW extension A = σ(R)〈x1, . . . , xn〉
of a finitely presented skew Calabi-Yau algebra R of global dimension d, is skew Calabi-Yau
of global dimension d + n. Moreover, if R is Koszul and θi is the Nakayama automorphism
of R[x1; θ1] · · · [xi−1; θi−1] for 1 ≤ i ≤ n, then A is Calabi-Yau of dimension d + n (θi as in
Proposition 2.11-(ii), x0 = 1).
Proof. Since R is connected and skew Calabi-Yau, then by Proposition 4.4 we know that R is
Artin-Schelter regular. From Proposition 3.1 we have that A is Artin-Schelter regular and, in
particular, connected. Thus, using again Proposition 4.4, we have that A is a skew Calabi-Yau
algebra. By the proof of Proposition 3.1 we have that the global dimension of A is d+ n.
For the second part, we know that graded Ore extensions of Koszul algebras are Koszul
algebras and, as a particular case of Proposition 3.1, we have that a graded Ore extension of
an Artin-Schelter regular algebra is an Artin-Schelter regular algebra. Now, by Proposition
2.11-(ii) we have that A is isomorphic to a graded iterated Ore extension R[x1; θ1] · · · [xn; θn].
It is known that if A is a Calabi-Yau algebra of dimension d, then the global dimension of A
is d (see for example [2], Remark 2.8). Then, using Proposition 4.5-(i) and applying induction
on n we obtain that A is a Calabi-Yau algebra of dimension d+ n.
Corollary 4.7. Let R be an Artin-Schelter regular algebra of global dimension d. Then every
graded quasi-commutative skew PBW extension A = σ(R)〈x1, . . . , xn〉 is skew Calabi-Yau of
global dimension d+ n.
There are two notions of Nakayama automorphisms: one for skew Calabi- Yau algebras
and one for Frobenius algebras. In this paper, we focus ourselves on skew Calabi-Yau algebras,
or equivalently, AS- regular algebras in the connected graded case (Proposition 4.4). In this
case, the two notions of Nakayama automorphisms will coincide in the sense of the Koszul
duality (see [28], Proposition 1.4). Let B = T (V )/〈R〉 be a Koszul algebra. For a graded
automorphism σ of B, we define a map σ∗ : V ∗ → V ∗ by σ∗(f)(x) = f(σ(x)), for each f ∈ V ∗
and x ∈ V . Note that σ∗ induces a graded automorphism of B! because σ is assumed to
preserve the relation space R. We still use the notation σ∗ for this algebra automorphism
(see [28]). Suppose that {x1, x2, . . . , xn} is a K-linear basis of V and {x
∗
1, x
∗
2, . . . , x
∗
n} is the
corresponding dual basis of V ∗. If σ(xi) =
∑
j cijxj , for cij ∈ K, 1 ≤ i, j ≤ n, then we have
σ∗(x∗i ) =
∑
j cjix
∗
j . Moreover, for each i, j = 1, 2, . . . , n, we have σ
∗(x∗i )(xj) = x
∗
i (σ(xj)). Let
B be a Koszul AS-regular algebra of dimension d. Then, the Nakayama automorphism ν of B
is equal to ǫd+1µ∗, where µ is the Nakayama automorphism of the Frobenius algebra B! and ǫ
is the automorphism of B defined by a 7→ (−1)deg a, for each homogeneous element a ∈ B ([28],
Proposition 1.4). Let B be a Koszul AS-regular algebra of global dimension d, with Nakayama
automorphism ν. Suppose that σ is a graded automorphism of B and σ∗ is its corresponding
dual graded automorphism of the dual algebra B!. The homological determinant, denoted hdet,
is a homomorphism from the graded automorphism group GrAut(B) of B to the multiplicative
group K \ {0} such that σ∗(u) = (hdetσ)u, for any u ∈ ExtdB(K,K) ([27], Proposition 1.11).
Proposition 4.8 ([28], Proposition 3.15). Suppose that R is a Koszul AS-regular algebra with
Nakayama automorphism ν, σ is a graded algebra automorphism of R and A = R[x;σ]. The
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Nakayama automorphism µ of A is given by:
µ(a) =
{
σ−1ν(a), a ∈ R;
hdet(σ)a, a = x.
Theorem 4.9 ([11], Theorem 3.3). Let K be a unital commutative ring and let R be a projective
K-algebra and A = R[x;σ, δ] be an Ore extension. Suppose that R is an skew Calabi-Yau algebra
of dimension d with Nakayama automorphism ν. Then A is skew Calabi-Yau of dimension d+1
and the Nakayama automorphism ν ′ of A satisfies that ν ′|R = σ
−1ν and ν ′(x) = ux + b with
u, b ∈ A and u invertible.
Remark 4.10 ([11], Remark 3.4). ν ′(x) = x+ b if σ = Id, and ν ′(x) = ux if δ = 0.
Let A = K〈x, y〉/(yx − xy − x2) be the Jordan plane, which is an AS-regular algebra of
dimension 2. Note that A = K[x][y; δ1] with δ1(x) = x
2. It follows that A is skew Calabi-Yau,
with the Nakayama automorphism given by ν(x) = x and ν(y) = 2x + y. Thus, A is not
Calabi-Yau. On one hand, B = A[z; ν] is an Ore extension of Jordan plane. Then A is skew
Calabi-Yau with the Nakayama automorphism ν ′ such that ν ′(x) = x and ν ′(y) = y. On the
other hand, A = K[x, z][y; δ] where δ is given by δ(x) = x2 and δ(z) = −2xz. So, ν ′(z) = z. It
follows that A is Calabi-Yau (see [11]).
Theorem 4.11. Let R be an Artin-Schelter regular algebra with Nakayama automorphism
ν. Then the Nakayama automorphism µ of a graded quasi-commutative skew PBW extension
A = σ(R)〈x1, . . . , xn〉 is given by
µ(r) = (σ1 · · · σn)
−1ν(r), for r ∈ R, and
µ(xi) = ui
n∏
j=i
c−1i,j xi, for each 1 ≤ i ≤ n,
where σi is as in Proposition 2.3, ui, ci,j ∈ K \ {0}, and the elements ci,j are as in Definition
2.1.
Proof. Note that A is skew Calabi-Yau (see Corollary 4.7) and therefore the Nakayama auto-
morphism of A exists. By Proposition 2.11-(ii) and its proof we have that A is isomorphic to
a graded iterated Ore extension R[x1; θ1] · · · [xn; θn], where θi is bijective; θ1 = σ1;
θj : R[x1; θ1] · · · [xj−1; θj−1]→ R[x1; θ1] · · · [xj−1; θj−1]
is such that θj(xi) = ci,jxi (ci,j ∈ K as in Definition 2.1), 1 ≤ i < j ≤ n and θi(r) = σi(r),
for r ∈ R. Note that θ−1j (xi) = c
−1
i,j xi. Now, since R is connected then by Remark 2.9, A is
connected. So, the multiplicative group of R and also the multiplicative group of A is K \ {0},
therefore the identity map is the only inner automorphism of A. Let µi the Nakayama auto-
morphism of R[x1; θ1] · · · [xi; θi].
By Theorem 4.9 and Remark 4.10 we have that the Nakayama automorphism µ1 of R[x1; θ1]
is given by µ1(r) = σ
−1
1 ν(r) for r ∈ R, and µ1(x1) = u1x1 with u1 ∈ K \ {0}; the Nakayama
automorphism µ2 of R[x1; θ1][x2; θ2] is given by µ2(r) = σ
−1
2 µ1(r) = σ
−1
2 σ
−1
1 ν(r), for r ∈ R;
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µ2(x1) = θ
−1
2 µ1(x1) = θ
−1
2 (u1x1) = u1θ
−1
2 (x1) = u1c
−1
1,2x1 and µ2(x2) = u2x2, for u2 ∈ K \ {0};
the Nakayama automorphism µ3 of R[x1; θ1][x2; θ2][x3; θ3] is given by µ3(r) = σ
−1
3 µ2(r) =
σ−13 σ
−1
2 σ
−1
1 ν(r), for r ∈ R; µ3(x1) = θ
−1
3 µ2(x1) = θ
−1
3 (u1c
−1
1,2x1) = u1c
−1
1,2θ
−1
3 (x1) = u1c
−1
1,2c
−1
1,3x1;
µ3(x2) = θ
−1
3 µ2(x2) = θ
−1
3 (u2x2) = u2c
−1
2,3x2 and µ3(x3) = u3x3, for u3 ∈ K \ {0}.
Continuing with the procedure we have that the Nakayama automorphism of A is given
by µ(r) = µn(r) = σ
−1
n · · · σ
−1
2 σ
−1
1 ν(r), for r ∈ R; µ(x1) = u1c
−1
1,2c
−1
1,3 · · · c
−1
1,nx1; µ(x2) =
u2c
−1
2,3 · · · c
−1
2,nx2. In general, for 1 ≤ i ≤ n, we have that µ(xi) = uic
−1
i,i+1c
−1
i,i+2 · · · c
−1
i,nxi =
ui(ci,n · · · ci,i+2ci,i+1)
−1xi, for ui ∈ K \ {0}. Note that ci,i = 1 (Remark 2.2-(i)).
Example 4.12. Let A = Oq(K
n) be the quantum affine n-space. A = Oq(K
n) is a graded
quasi-commutative skew PBW extension of K[x1] (see Example 2.8-5), with σj(k) = k for
k ∈ K and σj(x1) = q1jx1, j ≥ 2. Therefore, according to Proposition 2.11 and its proof, A
is isomorphic to a graded iterated Ore extension K[x1][x2; θ2] · · · [xn; θn], where θj(k) = k for
k ∈ K and θj(xi) = qijxi, for 1 ≤ i < j ≤ n. Note that the Nakayama automorphism ν of K[x1]
is the identity map. Applying Theorem 4.11 we have that the Nakayama automorphism µ of A
is given by µ(k) = k for k ∈ K, µ(x1) = (σ1 · · · σn)
−1ν(x1) = (q
−1
1n · · · q
−1
12 )x1 = (qn1 · · · q21)x1,
and µ(xi) = uiq
−1
i(i+1)q
−1
i(i+2) · · · q
−1
in xi = uiq(i+1)iq(i+2)i · · · qnixi = uiq(i+1)iq(i+2)i · · · qnixi, for
each 2 ≤ i ≤ n. Since µ is unique up to an inner automorphism (see Proposition 4.3) and
the invertible elements in Oq(K
n) are those nonzero scalars in K, the identity map is the only
inner automorphism of Oq(K
n). Therefore, using the same reasoning of [11] in the proof of
Proposition 4.1, we have that ui = q1iq2i · · · q(i−1)i. Then, µ(xi) = (
∏n
j=1 qji)xi, for 2 ≤ i ≤ n.
Example 4.13. Let R be an Artin-Schelter regular algebra of global dimension d, with
Nakayama automorphism ν. Let A = R[x1, . . . , xn;σ1, . . . , σn] be an iterated skew polyno-
mial ring (see [5], page 23-24), with σi graded. A is a skew PBW extension of R with re-
lations xir = σi(r)xi and xjxi = xixj , for r ∈ R and 1 ≤ i, j ≤ n. As R is graded and
ci,j = 1 ∈ R0, then by Proposition 2.7 we have that A is a graded quasi-commutative skew
PBW extension of R. Therefore, A is a skew Calabi-Yau algebra (Corollary 4.7). By Proposi-
tion 2.11, R[x1, . . . , xn;σ1, . . . , σn] ∼= R[x1; θ1] · · · [xn; θn], where θj(r) = σj(r) and θj(xi) = xi
for i < j. Applying Theorem 4.11 we have that the Nakayama automorphism µ of A is given
by µ(r) = (σ1 · · · σn)
−1ν(r), if r ∈ R and µ(xi) = ui
∏n
j=i c
−1
i,j xi = uixi, ui ∈ K\{0}, 1 ≤ i ≤ n.
Example 4.14. The algebra of linear partial q-dilation operators H is a graded quasi-commu-
tative skew PBW extension of K[t1, . . . , tn] (see Example 2.8-3). According to Proposition
2.3, we have that σj(ti) = ti for i 6= j, 1 ≤ i ≤ n, 1 ≤ j ≤ m; σj(ti) = qti for i =
j, 1 ≤ i, j ≤ m; δj = 0, for 1 ≤ j ≤ m. By Proposition 2.11, H is isomorphic to a graded
iterated Ore extension of endomorphism type K[t1, . . . , tn][H
(q)
1 ; θ1] · · · [H
(q)
m−1; θm−1]H
(q)
m ; θm],
with θj(ti) = ti for i 6= j, 1 ≤ i ≤ n, 1 ≤ j ≤ m, θj(ti) = qti for i = j, 1 ≤ i, j ≤ m;
θj(H
(q)
i ) = H
(q)
i for 1 ≤ i, j ≤ m. SinceK[t1, . . . , tn] is a Calabi-Yau algebra, then its Nakayama
automorphism ν is the identity map. Applying Theorem 4.11, we have that the Nakayama
automorphism µ of H is given by
µ(ti) = σ
−1
m · · · σ
−1
1 (ti) =
{
σ−1i (ti) = q
−1ti, 1 ≤ i ≤ m;
ti, m < i ≤ n,
µ(H
(q)
j ) = H
(q)
j , for 1 ≤ j ≤ m.
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Remark 4.15. If in Example 4.13 R is also a Koszul algebra, then due to the Theorem 3.2-(ii),
we have that A is a Koszul algebra. The Nakayama automorphism µ of Example 4.13 is then
µ(r) = (σ1 · · · σn)
−1ν(r), if r ∈ R and µ(xi) = (hdetσi)xi, 1 ≤ i ≤ n (see [28], Theorem 4.6).
Since µ is unique up to an inner automorphism (see Proposition 4.3) and the invertible elements
in R[x1, . . . , xn;σ1, . . . , σn] are those nonzero scalars in K, the identity map is the only inner
automorphism of R[x1, . . . , xn;σ1, . . . , σn]. Therefore, (hdetσi) = ui.
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